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Abstract. We consider n-dimensional hypersurfaces flowing by mean curvature flow with Neumann free 
boundary conditions supported on a smooth support surface. We show that the Hausdorff n-measure of the 
singular set is zero. In fact, we consider two types of interaction between the support and flowing surfaces. 
In the case of weaker interaction, we need make no further assumptions than in the case without boundary 
to achieve our result. In the case of stronger interaction, we need only make the additional assumption that 
Hy: > 0, that is, that the support surface be mean convex. We go on, in this case, to show that the result 
is not, in general, true without the mean convexity assumption. 



1. Introduction 

A time dependent family of surfaces, A4 — {Mt), is said to be moving by its mean curvature if for each 
time, t, and each point, x G Mt, x is moving at a velocity equal to its mean curvature along the unit normal 
at that point. The mean curvature flow has been extensively studied, both in the classical form, see, for e.g., 
Ecker [3J and Huisken ^Gj, and in the weak form, the so called Brakke flow, see Brakke [Ij. 

Of particular interest in both cases is the singular set, smg^A^. That is, the set of points, reached by 
the flow, where the flow is no longer appropriately defined or collapses upon itself. It has been shown in the 
case of an n-dimensional surface flowing without boundary in M"+^, see Brakke ^Lj or Ecker ^SJ, that the 
Hausdorff n-measure of the singular set is zero: 

"(smgrX) = 0. (1) 

Also of interest has been the study of mean curvature flow with boundary conditions. In particular, mean 
curvature flow with Neumann free boundary conditions, see, for e.g., Buckland [2\ and Stahl [9J and [lOj. 
Neumann free boundary conditions prescribe a fixed support surface, S, along which the surface is allowed 
to flow provided that the flowing and support surfaces always meet orthogonally. 

In this paper we consider the singular set of mean curvature flows with Neumann free boundary conditions 
with two differing interpretations of the nature of the support surface. In each case we give equivalent results 
to (d]). 

Firstly, we interpret the support surface as solid. That is, any intersection of the flowing surface and 
the support surface other than on the boundary of the flowing surface is treated as a singular point, having 
'collided' with the support surface. 

Secondly, we interpret the support surface as traversable. That is, that the support surface should be only 
thought of as guidelines for the movement of the boundary of the flowing surface, but not actually present 
itself. 

Initial results for the solid boundary case were given in Koeller f7]. The results were, however, dependent 
on several assumptions. 

In this paper we remove the unwanted assumptions. In the case of traversable boundary, we show that 
we need only make the same assumptions as those needed for the case of mean curvature flow without 
boundary. In the solid boundary case, we make the additional assumption that the support surface is mean 
convex (actually something slightly more general). We also show however, that without this assumption, the 
equivalent to ([T]) will not, in general, be true. 

In summary, our main result states in simple terms: 
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For any mean curvature flow with Neumann free boundary conditions, Ai , supported on a mean convex 
support surface in the case that the surface is solid, ^ holds. 

This result is stated formally in Section 3, as Tlieoreni l3.6l after all the necessary terms have been properly 
defined. 

The structure of this paper is as follows. In Section 2 we define the objects to be considered; the flow 
and the singular set. In Section 3, we present the assumptions made; the area continuity and unit density 
hypothesis, used also in the case without boundary, and the mean convexity of the support surface. It is 
also in Section 3 that the main theorem is stated. 

In Section 4, we outline the strategy of the proof. In presenting the strategy we also introduce several 
supporting results that will be applied in this work. Section 4 also shows that almost all points are well 
behaved in a sense that is there defined. 

In section 5 we give local curvature estimates in neighbourhoods around the well behaved points in the 
boundary of the limiting surface of the flow. These estimates are the technical key to our results. 

In section 6 we use the local curvature estimates firstly to provide local regularity results around the well 
behaved points. That is, that ([I} holds in an appropriate form in small neighbourhoods of the well behaved 
points. With covering arguments, we then deduce the proof of the main theorem. 

Finally, in Section 7, we discuss the necessity of the mean convexity of the support surface and show how 
to find the counter examples. 

2. Definitions and aims 

We begin by providing a formal definition of the problem being observed, namely mean curvature flows 
with Neumann free boundary conditions. We first define the support surface for the boundary and then how 
a surface is understood to flow on this support surface. 

Definition 2.1. — Let S C ]R"+^ be a -hypersurface and iy{x) be a choice of unit normal for each x ^ S. 
S is said to satisfy the rolling ball condition of radius r > if Br{x ± ri'{x)) H S ^ {x} for each x Cz S. 

Definition 2.2. — (Free boundary support surface) Let G be a simply connected C^-{n + 1)- dimensional 
subset o/M"+^. Let E := dG satisfy the rolling ball condition for balls of radius and satisfy the condition 

on the second fundamental form. Ay; , of S 

II IP + II VAs ||s^ 4 < oo- 
E is then said to be a Neumann free boundary support surface. 

Remark 2.3. — E will always denote the support surface of the flows being observed. 

We now define the flows being considered in this work. The difference between the two being the role 
that the support E takes. We start with the initial surface. 

Definition 2.4. — (Initial surface) Let M" denote a smooth orientable n-dimensional manifold with 
smooth, compact boundary, and set Mq := Fq(M"'), where Fq is a smooth embedding satisfying 

dMo := Fo{dM") C Mq n E and 

{iyo,'^^){Foip)) = forallpedM^, (2) 

for smooth unit normal fields i/q to Mq and vy: to E. For v^. we take the inner unit normal vector field to G. 

Definition 2.5. — (Mean curvature flow with Neumann free boundary conditions) Let Y, be a Neumann 
free boundary support surface. Let T € (0, oo), / := [0,T) be an interval, and F{-,t) : M" — )■ R""*"^ be a 
one-parameter family of smooth embeddings for all t I. The family of hypersurfaces Ai {Mt)tei, where 
Mt = Ft{M"), are said to be evolving by mean curvature with Neumann free boundary conditions on the 
solid support surface E if 

H{p,t) for all {p,t) e M"" X I, 
Fo, 

Mt n E for all t e I, (3) 
for all (jj, t) e 9Af " x /, and 

G for all t e I. 



F(,0) ^ 

dMt -.^ F{dM'\t) = 

{iy,i^Y){F{p),t) = 

Mt C 
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M := (Mt)tei are said to be evolving by mean curvature with Neumann free boundary conditions on the 
traversable support surface T, if 

^ip,t) = H{p,t) for all{p,t)^M'' xl, 
Fi;0) = Fo, f,. 
dMt:= F(dAr,t) C Mt n S for all t e I , and ^' 
{v, v^) {F{p),t) = for all {p, t) G ^Af" x /, 

Here H{p,t) ~ —H{p,t)v(jp,t) denotes the mean curvature vector of the immersions Mt at F[p,t), for a 
choice of unit normal v for Mt . 

Remark 2.6. — (1) For convenience of reference we will in general simply say that is a MCF{N, S) 
if it is a solution of (O and a MCF{N, T) if it is a solution of (g]). We will say that M \s a. MCF{N) 
when whether is a MCF{N, T) or a MCF{N, S) is not important to the discussion. 

(2) The solid support case is the case where we give a physical interpretation to E, making E solid. In this 
case the flowing surface may not pass through E, but rather will collide with E and cause the flow to 
cease. 

The traversable support case is the case where the support surface is not to be thought of as a physical 
object, but rather simply a prescription of where the boundary, {dMt)t£i, should flow. In this case the 
flowing surface may traverse E without any consequences or special treatment. 

(3) We will, in general, suppress the notation referring to the embedding map, using rather only the position 
vector, X G instead of F{p,t). With this understanding, we may re-express the above equations 
governing a MCF{N, T) by 



dx 
dt 



H{x) foraflxeMt, 
dMt C E n Aft for alH e /, and 
{v,vy){x) = for afl x e dMt. 

We may also re-express the equations governing a AICF{N, S) analogously. 
(4) That such flows exist, that is, that there are solutions to the system of equations was proven by 
Stahl in [S] and [TU] . As solutions to the system of equations Q are a special case of ^ , their existence 
also follows from Stahl's work. It follows that there is a maximal time, T G (0, oo], for which there is 
a solution of ([3]) or ([4]) over / = [0,T). For the remainder of this work, when referring to a MCF{N), 
that is, a solution A4 = (Aft)te[o,T) of ^ or we will always use T to refer to this maximal time. T 
is also called the first singular time, as for all t < T, the surface Mt can continue to flow and is therefore 
not singular. If T = oo the flow can always continue and there are therefore no singularities. We are 
therefore interested in the limit surface Mt for T < oo. We now work towards a formal deflnition of the 
singular set. 

Definition 2.7. — Let (Mt) be a one-parameter family of sets in R"+^. We say that the family (or flow, 
in the case that (Mt) is a flow) reaches Xq G K^^^ at time to if there exists a sequence {xj,tj) with tj to 
so that Xj G Aftj and Xj xq. We write A4 ~^to xq to denote that A4 — (Mt) reaches xq at time to. 
For Ai = (Aff)tg[o.T); o, mean curvature flow, we define the limit surface of M, Mt C R"^"'^, by 

Mt := {x e M"+^ : M -^t x}. 

For the boundary we first define dA4 :— (9Aft)te[o.T) and analogously define the limit boundary DMt <ZTi of 
dM by 

OMt := {x e E : ax -^t xq}. 

Remark 2.8. — Due to the possible misunderstanding that the notation Ai -^tg xq implies that A4 
degenerates to the point xq we point out that this is not at all implied. Ai — T-t^ xq simply denotes that a;o 
is one of, in general, many points that are reached by the flow at time to. 

Using limit surfaces we are now also able to give a precise deflnition of the singular set. 

Definition 2.9. — Let M = {Mt)telo.T) &e a MCF{N, S). We say that xq G M"+^ is a regular point for 
Ai at time to G (0,r] if one of the following three conditions is satisfied: 
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(ii) There exists a p > such that Bp{xQ) D Mt„ is a smooth orientable properly embedded n-dimensional 

manifold and Bp(xo) n E = 0, or 
(Hi) There exists a p > such that Bp{xQ) D AIt„ is a smooth orientable properly embedded n-dimensional 
manifold and that dMfg D Bp{xo) is a smooth {n — 1) -dimensional manifold satisfying 

Xo € dMta n Bp{xo) = Mto n Bp{xo) f] S 

and 

{vMt,,{x),v^{x)) ^ 

for all X S dMt„ H Bp{xo), where vut^ is a choice of unit normal field for Mt^ . 

Let M = (Aft)tg[o,T) be a MCF{N,T). We say that xq G is a regular point for M at time to € (0,T] 

if one of the following three conditions is satisfied: 

(i) Xo ^ Mto, 

(ii) There exists a p > such that Bpixo) H Mt^ is a smooth orientable properly embedded n-dimensional 
manifold, or 

(Hi) There exists a p > such that Bpixo) H Mt^ is a smooth orientable properly embedded n-dimensional 
manifold and that dMt^ H Bp(xo) is a smooth {n — 1) -dimensional manifold satisfying 

Xo e dMto n Bp{xo) c Mt, n Bpixo) nj: 

and 

{vMt,,{x),v^{x)) = 
for all X €E dMtg H Bp{xo), where J^Mtg is a choice of unit normal field for Mtg . 

The set of all regular points of a MCF(N,S), Ai, at time T is called the regular set of which we 
denote by reg^M. If Xo is not a regular point of M at time T we say that it is a singular point of M at time 
T . The set of all singular points of M at time T is called the singular set of Ai at time T which we denote 
by sing^M. In the case that Ai is a MCF{N ,T) we replace the superscript S with the superscript T. In 
the case that the nature of the flow is clear, or that regj^M = reg^M. respectively singj^M. = singTpM. , we 
omit the superscript. 

It is within the above setting that we wish to prove a resuh in the form of ([T]). That is, 

Jf"^{sing^M) = for each J e {S, T}. (5) 

As noted in Koeller [7|, the above equation is, in the fuh generahty just introduced, not true, at least for 
sohitions of ([2]), and we need therefore introduce assumptions. 

3. The assumptions and the main theorem 

That ^ is not true in the general case for solutions of ([3]) was shown in Koeller [7] by way of a counter 
example. (See Construction 3.1 in [7].) Assumptions or conditions are therefore, unfortunately a necessity 
in this case. We keep our assumptions to a minimum, however, and make only two; one very natural and 
necessary assumption and the other of fundamental importance to the proof that is also made in the analysis 
of mean curvature flow without boundary. 

In the case of traversable boundaries, that is of solutions to (|4]), it is, as with flows without boundary, 
not clear that ^ is not in general true. However, just as in the case of solutions to ([3]), our proof of this 
case is dependent on the results on mean curvature flows without boundary, and therefore on the technical 
assumption made there. 

The first assumption in the solid boundary case is a response to the counter example mentioned above. 
In the counter example, the problematic part of the singular set arises from the interior of the flow reaching 
a part of the support surface which acts as an obstacle to the flow. We therefore first make an assumption 
to remove the possibility of obstacles arising in the support surface. In particular, we make the following 
assumption. 



NEUMANN FREE BOUNDARY SINGULARITIES 



5 



Definition 3.1. — A MCF{N,S), M = {Mt)tei7 said to satisfy the boundary approaches boundary 
assumption if 

MtCiJ:^ OMt. (6) 
That is, if AfT n S = {x e M"+i : dM -^t x}. 

As the boundary approaches boundary assumption is an unusual one, we immediately note the following 
important result. 

Proposition 3.2. — Suppose Ai = {Mt)t£i is a MCF{N, S) supported on the support surface E for which 
the condition 

H^{x) > (7) 
is satisfied for each a; G E. Then, for any to ^ T, Ait ^^o implies that dM — >fp Xq. 
Remark 3.3. — (1) A proof of Proposition 13.21 can be found in [7], Proposition 3.2. 

(2) Since, as shown in Section 7, the set of support surfaces not satisfying ([7]) for which ([S]) is not true is 
dense (with a type of C^-metric) in the set of support surfaces not satisfying ([7]), this is an essentially 
necessary assumption. 

(3) Convexity and mean convexity assumptions are also natural ones, leaving a still large and interesting 
class of flows, that have been used in the literature by, for example. Stone |TT] and Stahl |^ and |10) . 

(4) We finally note that the above Proposition is important as it is a condition on the initial data and 
can therefore be reasonably checked. Checking the boundary approaches boundary assumption directly 
requires knowledge of the behaviour of the limit of the flow, which is not always easy, or possible, 
to obtain. However, since the boundary approaches boundary assumption is more general, it is this 
condition that we will continue to refer to in the remainder of this work. 

The second assumption is one used in the case without boundary. The assumption, or rather, hypothesis, 
is fundamental to the works of Brakke [T] and Ecker ^3j in their analysis of mean curvature flows without 
boundary. As we show the regularity of the interior of our flow by application of the analysis for flows 
without boundary, we also need to assume the same hypothesis. Named the area continuity and unit density 
hypothesis, the hypothesis is also instrumental in our analysis of the regularity of the boundary. 

Definition 3.4. — Let Ai — iMt)t£[o,T) be a MCF{N). Ai is said to satisfy the area continuity and unit 
density hypothesis at time T if the hypersurfaces Mt converge in the sense of measures to a Jif" -measurable, 
countably n-rectifiable subset Mt ofW^^^ of locally finite J^" -measure. That is, 

hm [ i^dJf" = [ i^dJf" 

for allil;e Cg(R"+i). 

Remark 3.5. — Note that in this work we understand a countably n-rectifiable set to be any subset of 
M""*"^, M, which can be expressed as 

CO 

mcMou|Jf,(R"), 

where "(A/q) ^ and the : M" M"+i are Lipschitz functions. 

Having stated our assumptions, we are now in a position to give a precise statement of our main theorem. 

Theorem 3.6. — (Main regularity theorem) Let Ai = {AIt)tei be either 

(i) a MCF{N,S) satisfying the boundary approaches boundary assumption, or 
(li) a MCF{N,T), 

that satisfies the area continuity and unit density hypothesis, then 



Jff"{dMT) = and Jf"{singTM) 0. 



(8) 
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4. Strategy and Regularity 

To prove Theorem 13.61 we break singTM into several parts and then consider each one separately. 
We first notice that 

(where ~ denotes set subtraction). We may then immediately deal with Ji"^{singTM ^ dMx) by noting 
that away from dMt we may use localising arguments to apply the results on mean curvature flows without 
boundary. 

Lemma 4.1. — Let M — (Mt)tg[o,T) be either 

(i) a MCF{N,S) satisfying the boundary approaches boundary assumption, or 

(li) aMCF{N,T), 
satisfying the area continuity and unit density hypothesis. Then 

J^'^isingTM - OMt) = 0. 

Proof. Consider firstly case (i). Corollaries 4.6 and 8.1 in Koeller [7j imply that 

as for any xq ^ A/y, Ai -/^t and thus xo is regular. Since, by the boundary approaches boundary 
assumption, dMr = Mt n S, the result follows. 

In case (ii), we note that for any xq ^ OMt, there exists a p > such that {Bp{xo) D Mt)tei is a mean 
curvature flow without boundary. It now follows, again from Corollaries 4.6 and 8.2 in [7] that 

^"(sin^TX dMr) = 0. 

□ 

It follows from Lemma [4 . 1 1 1 hat . both in the solid and traversable boundary cases, it is sufficient to consider 
the Hausdorff measure of OMt. 

An immediate application of the above Lemma allows us to reduce our attention to just one of the two 
cases, namely the traversable boundary case. The solid boundary case will then follow. 

Corollary 4.2. — //, for each MCF{N,T) satisfying the area continuity and unit density hypothesis, 
M = (Mf)jg[Q 7'), Jif"-{dMT) = 0, then for any MCF{N, S) satisfying the area continuity and unit density 
hypothesis and the boundary approaches boundary assumption, M* — {Mt)t£io,T')> 

M'^idMr-) = and J^^isingrM*) = 0. 

Proof. Let M = (Aft)tg[o.Ts) ^ MCF{N, S) satisfying the area continuity and unit density hypothesis 
and the boundary approaches boundary assumption. Then, directly from the definitions of the flows with 
solid and traversable boundary, Ai is also a MCF{N, T) with Ts smaller than or equal to the maximal time, 
T, for which the flow may be continued when considered as a M CF{N, T). That is, we may extend the flow 
M to M' := {Mt)t(z[Q^T), T ^ Ts, such that M' is a MCF{N,T) with first singular time T. 

Now, for each t < T, dMt = Ft{dM") for some smooth proper embedding Ft on the smooth basis manifold 
M" as given in Definitional It follows that Jf"(5Mt) = 0. Furthermore, if T Ts, then M' = M is 
a MCF{N ,T) satisfying the area continuity and unit density hypothesis, so that by the hypothesis of the 
Theorem, "(SMt) = 0. It now follows that "(SMts) = so that, by Lemma O it now follows that 

^'\singTsM) < ^"'{dMTs) = 0. 

□ 

Remark 4.3. — We deduce from Lemma l4.1l and Corollarv l4.2l that it is sufficient to prove that J^"(dM-r) — 
for any MCF{N, T). This is our aim for the remainder of the paper. From this point on, therefore, unless 
otherwise specified, any references to a fiow, A4 — {AIt)tei, will refer to a MCF{N,T). 

To consider .^'^{OMt) we break the set dMx up into further smaller parts. 

Firstly, we recall from standard geometric measure theory (see, for e.g., Federer ^ or Simon [8j) the 
following result. 



NEUMANN FREE BOUNDARY SINGULARITIES 



7 



Theorem 4.4. — Let M C R"+^ he a countably n-rectifiahle set of locally finite measure. Then, for 
J^"-almost all x G M"+i either 

(I) e"(jr",M,x) linip\,o ^"^ff^j^^j""^'^^ = 0, or 
(II) the approximate tangent space, T^M, of AI at x exists. That is, 

lim [ <j)dJff" = [ <j)dJff" 

for all (j) e C5(R"+i), 
where = \-\M - x) for A > 0. 

In particular, for any MCF{N, T) satisfying the area continuity and unit density hypothesis, Ai = 
{Mt)t^[Q T), either (I) or (II) holds for .j^"" -almost all x € R"+-'^ with M replaced by Mt ■ 

For a preselected MCF{N,T), Ai — {Mt)tiz[o_T), and for each selection J G {/,//}, we define 

Rj := {x e M"+^ : Theorem 1131; J) holds at x with M = Mr}- (9) 

To prove Theorem 13.61 it now follows, from Theorem 14.41 that we need only consider points in dMx H Rj 
for J G {I, II}. Such points are, however, still not necessarily easy to work with. We therefore introduce 
Ecker's ([5]) good points, which are points around which the area of the flow behaves well toward the limit. 

Definition 4.5. — Let M ^ {Mt)te[o,T) be a MCF{N,T). For a ^ we define 

G?l.^\xe M"+i : lim sup — / / liJpd^" <^aA 

[ p\0 P" JT-p2 JMtnBp(x) J 

and 

^ := Pi G^. 

We say that x G M"^"'^ is a good point if x . 

We may restrict our attention to good points, since almost all points are good points. 
Lemma 4.6. — Let M ^ {Mt)te[o,T) be a MCF{N,T). Then 

Remark 4.7. — The proof of Lemma is as in Lemma 7.6 in Koeller [7]. 

It follows from Lemma l4 . 61 that . in order to prove Theorem l3.6l it remains only to show that 

jf"(SMTni?jn^) = 

for J G {/, //} and flows A4 = {Mt)te[o,T)- For J — I the following Theorem provides the desired result. 

Theorem 4.8. — Let M be a MCF{N, T) and a; G S n i?j n ^. Then M y^T x. In particular, x ^ OMt 
and 

^"(aAfTni?/n^) = 0. 

Remark 4.9. — The proof of Theorem 14. 81 is as in Corollary 8.1 in Koeller ^ and Lemma 15.5 in Ecker 

m- 

We conclude that in order to prove Theorem l3.6l it remains only to show, for any MCF{N, T), {Mt)t£[o,T), 
that 

.Jf"(5A/Tni?//n^) = 0. (10) 

It is the proof of pU)) that is the technical heart of this paper. The proof is presented in the following two 
sections. 

Remark 4.10. — The proofs of Lemma 7.6 and Corollary 8.1 in Koeller [7] are actually stated for mean 
curvature flows with Neumann free boundary conditions with a solid boundary satisfying the boundary 
approaches boundary condition. The statements and proofs, however, are identical in our present case and 
we therefore do not repeat them here. 
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5. Local curvature bounds 



In this section we show that for any MCF{N, T), A4 = {Mt)t£io,T): and xq e OMt there is a radius p > 
such that the second fundamental form of Mt is uniformly bounded in Bp{xo) x [T — p^ ,T). 

The proof is accomplished by firstly using the existence of the tangent plane to show an integral height 
excess decay result. This is then used to give an absolute height excess decay result. That is, that in 
sufficiently small balls and on relatedly small sized time intervals, the surfaces, as sets, are very near the 
tangent plane. 

This allows us to show that, in some smaller ball and time interval, the second fundamental form, and 
therefore curvature, remain bounded. That the local regularity result, Jff^{dMT D Rn n n Bp{xo)) = 
holds, and therefore that Theorem 13.61 also holds, can be deduced from these local curvature estimates. The 
proof is given in the following section. 

To start, we note firstly that our analysis in this section uses so called blow-up arguments regularly. That 
is, we analyse the surfaces Mt under parabolic rescaling, which we define below. 

Definition 5.1. — Let M = {Mt)te[t,,T) be a MCF{N,T), X > 0, xq e M"+\ and to G (0,r]. The 
parabolic rescaling, or blow-up, of M by a factor of X around {xo,to) is the one-parameter family of smooth, 
properly embedded hypersurfaces 

where 

That IS, {M^s'""-'°^-^)se[-\-Ho. 0) , is the result of the application of the change of variables 

y = X^^{x — Xo) and s ~ X^^{t — to) 



(11) 



to M. 

Remark 5.2. 



(1) It is standard theory that the blow-up 

)sG[-A-2to,0) 



of a mean curvature flow, M — {Mt)[o.T)^ continues to be a mean curvature flow. See, for e.g., Buckland 
[2] or Ecker [3J. It follows that the blow-up of a solution, A4 = {Mt)[o,T)j of Q is a solution of ^ 
supported on A~^(I] — xq) over the interval / = [— A~^T, 0). 
(2) Should the centre of a blow up {xo,to) be clear, we will write to refer to the parabolic rescaling 



Now, to realise our intention of deducing properties of Mt from the existence of a tangent plane to Mt at 
Xq, we need to show that they are in some way related. This is the purpose of considering only good points, 
for at good points we have the following convergence property. 

Lemma 5.3. — Let Ai = {Mt)t(^[o,T) MCF{N,T) satisfying the area continuity and unit density 

hypothesis. Then there is an A < oo such that, for each a G (0, 1/2] and xo G G^, there is a po > such 
that 

sup 

tG[T-p2,T] 



" - / 2a(sup |0| + VApsup jl^^Dp" 

I Mt J Mt 

holds for all p G {0,Po] o.n-d 4> ^ C'q (-Bp(a;o)). 

Remark 5.4. — (1) For the proof of Lemma [5T51 see Lemma 7.7 in Koeller [7]. Again this proof is for flows 
with solid boundary, which, however, remains unchanged for the case with traversable boundary. 

(2) We will actually apply Lemma 15.31 in its parabolically rescaled form which, by applying the change of 
variables ((TT|) for any A > 0, states 



Im': 



4 






/ * 




T),A 











< 2a{sup\(j)\+VARsvLp\D(j>\)R 



(12) 
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for each R E (0,i?o], s E [—Rq,0], and (p G C'^(^i?(0))j where the integrals are taken with respect to 
and i?o := A^Vo- 

We now show the local height estimates for flows M — {Mt)tir[o,T) around points in dAIx H Rn D . We 
note that here, and in the remainder of the work, ttt : M" -> T denotes the orthogonal projection onto T . 
Furthermore, letting {ei, e„+i} denote the standard basis for we identify spa7i{ei, e^} with 

for 1 ^ j < rt + 1 and write Xi to denote the ith component of x, (a;, e^) . We also note that for 1 ^ j < n + 1, 
we write Bl{x) to denote Br{x) n W C M"+^ 

Lemma 5.5. — Let M. = (-^i)tg[o,T) ^ MCF{N,T) satisfying the area continuity and unit density 
hypothesis and let xq E OMt H i?// n . 

Then, for each £ > 0, there exists po = po{s) > such that 

t:t± Mt - Xq) ^ d^" s$ £p"+2 for all p E (0, po]- 



sup 

t^{T-pl,T) JMtnBpixa) 

Proof. Without loss of generality we may assume that = and T^^Mt = M" so that we need to show the 
existence of po = po{e) > such that 



sup 

K{T-pI,T) J MtnBp{xo) 



xl^^dJT'' £p"+2 foj. all p e (0, Po]- 



(13) 



Supposing that (jl3p is not true, then there exists a sequence pj \, and a sequence tj E {T — p'j^T) such 



that 



Define now 



x^+id^" > ep'l^' for each j E N. 

'Mt^.nSp^(o) 

by (f>(x) = x\j^i^ and choose ifj E Cq'{B2{0)) such that 
tp^Q, \Dtp\ 4, and = 1 on Bi{Q). 

Then (t):=^4)E C^(B2(0)) and ^ 16. 

Define further \j = p^ and = Aj^(T - i^) E (-1,0). Then clearly, as TqMt = R" and = on 



(14) 



lim 



" = 0. 



Also, by reversing the parabolic change of variables centred around {xq^T) and by p4p . we see that 



A/./nSilo) 



-n-2 2 ^ 



j\/t^.nSp^(o) 



where the integrals are taken with respect to J^", for each j E N. Thus 

£ 



> 



(15) 



for all sufficiently large j E N. 

However, as xq & ^ El Gf. with a = £2^"^^(1 + 32a/]4), we see, by Lemma [5.31 that 



< 2a{l + 2^/Al6)2" < -. 



This contradiction to ([T5)l proves the result. 



□ 



Lemma 15.51 gives height estimates in a weak, that is, integral sense. We need to deduce strong height 
estimates, that is estimates on the supremum of the height of all points. We make this deduction by 
combining Lemma 15.51 and the clearing out Lemma which we recall below. The idea being that, by Lemma 
15.51 any points with large heights will be part of a narrow peak with little surface area; the clearing out 
Lemma then ensures that such points quickly recede from the summit, so that a short time later, no points 
have large height. 
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Lemma 5.6. — There exists a constant k„ = K„(K5],n) such that if M = {Mt)t£[o,T) A1CF{N,T) 
and Ai — >to a;o for some to € (0,T] and xq G M"+"'^, then, for any (3 e (0, l/2n) there exists a constant 
9 = e{n, /?) e (0, 1/2) such that for all p G (0, k„] 

p-^ji^^{Mt^_pp2nBp{xo))^e. 

Equivalently, if for some p € (0, k„) and l3 € (0, l/2ri) 

p-"^"(M,„_^,.ni3p(a:o)) 

f/ien t/iere exists e > such that 

MtnBe(xo) =0 

for all t ^ {to — e'^jto). That is, Jv[ -^^^ xq. 

Remark 5.7. — The clearing out Lemma for flows without boundary is due to Brakke PJ. A proof that is 
directly applicable to the interior points in our case can be found in Proposition 4.23 in Ecker [3]- The proof 
for the case that xq G BMt is identical to that given for flows with solid boundary as given in Corollary 6.10 
in Koeller [7J . Clearly, by taking the minimum of the constants Q found in the proof of the interior case and 
the boundary case, we can find a constant Q = 6{n, (3) that holds in both cases. 

Lemma 5.8. — Let < Co < 1/2 (where k„ is as stated in Lemma \5.b]) . then there exists an So > Q such 
that for any MCF{T,N), A4 = {Mt)t£[o.T), satisfying the area continuity and unit density hypothesis, and 
any xq G Mt for which T^^Mt exists and 



sup 

te{T-p^,T) J MtnBf,{xo) 



d^" < £op 



n+2 



for all < p ^ po < min{K„, T^/^}, we have 



sup sup 

te[T-pV4,T] xGMtni3p/2(2;o) 



< CoP 



(16) 



(17) 



for all p e (0, po]- 



Proof. We may assume that xq ~ and T^^Mt — K". We note that it is sufficient to show that should 
(fTO)) hold for some given p G {0,po], then ([T7)) holds for that same p. Moreover, by otherwise parabolically 
rescaling, we may assume that p — 1- We also note that under such a parabolic rescaling co < 1/2 < 1 ^ 

Po ^ Hn- 

Suppose now that the claim is not true. Then, for each j G N, we can find a flow Ai^ (M/)tg[o_T) in 
AICF(N,T) satisfying the area continuity and unit density hypothesis such that 



sup 

te{T-i,T) J MlnBiio) 



xl^,d,yf^^ < J- 



but that 



sup 



sup 



'-n+l 



te[T-l/4,T]a,gMj^nBi/2(xo) 

For each j G N, let tj G [T - 1/4, T] be a time at which 

sup 2:^+1 > Co 



> Co- 



(18) 



We now consider y G -81/2(0) with y^+i ^ c§ and calculate 

2"co-" Jf- (A/,^._(i/4„)(c„/2)^ni3,„/2(y)) 



■)n+2„-n-2 



-(l/4,.)(co/2)2n-Bco/2(0) 



x^_^_idJif" 



-,n+2 -n-2 ~1 
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Taking Jq so large that 2"+^Cq ""^Jq"^ < l/4n), where 9 is as given in Lemma [5.6[ we deduce from 
Lemma [5.61 that there is an £j, > such that Mt n B^^{y) — for all t E (tj^ — ey,tjg). In particular, we 
deduce that y ^ Mt . . By the choice of y it follows that 



Si/2(0) n {y G R"+i : 2/2+1 ^ c^} n M*^^ = 
contradicting ^TE\\ . The result follows. □ 

A simple extension to Lemma 15.81 states that the result can be formulated to hold with the centre of the 
surface being estimated permitted to be taken anywhere within some small neighbourhood of (xq , T) . 

Proposition 5.9. — Let M := (Mt)te[o.T) be a MCF{N,T) and a;o e Mt- If 

sup sup \ttti- Mri^ ~ 2;o)P < £oP^ for all p e {0,pa] (19) 

te[T-p^,T]^^MtnBpixo) ^" 

for some Eq > and < po < T^/"^ , then 

sup sup \-Kt^ a/t i^-y)? < 4£oP^ (20) 

tG[r-p2/4,r] 3;gA/jnBp/2(ij) ° 



for all y G Mr n Bp/2{xo),T G [T - pV4, T] and p e (0, po] • 

Proof. We may assume, as in the preceding results, that = and T^^Mt — K". Furthermore it is 
sufficient to show that if ([T^ holds for some p £ (0, po], then (1^0]) holds for that same p. Suppose now that 
r G [T - pV4, T], 2/ G Mt n Bp/2(0) and that x G M*,, n Bp/^iy) for some e - pV4, T]. 
Then 

(2; - y)l+i ^ + y?i+i + 2x„+ij/„+i «C 4(max{x^+i, 2/^+1}). 

Noting that a;,2/ G i3p/2(0) and that 

i,,TG [T-2pV4,r] C [T-pV2,r], 

we deduce from that max{a;^j+i, 2;^j+i} ^ eoP^ and the result follows. □ 

Using the above results, we can now show that local curvature bounds exist around points in SMt^RuT^S . 
We present the estimate in the following lemma and corollary, which are based on the local regularity theorem 
presented as Theorem 5.7 in Ecker [3]. 

Lemma 5.10. — There exist eo,co > such that the following holds. 
Suppose that M = {Mt)te[a.T] is a MCF(N,T) for which 

sup sup a;^+i ^ Eqp^ 



for each r G [T — p , T], y £ Bp{0) and p G (0, po] for some Pq < T/2. 
Then 

sup sup \AMtix)\'^ < cop^^. 

tG[T-pg/4,T]2;GMtnBp„/2(0) 

Proof. Suppose that the statement is not true, then there exists a sequence of flows, := (M/)fg[T_p2 ^j, 
each a MCF{N, T), for which 

sup sup x^+i =^ p2j"2 

telT-p^,T] x£MlnBp{y) 

for all r G [T - p^ T], 2/ G Bp{0) and p G [0, pj], but that 



sup sup (a;)pp^ — )■ 00. 



te[T-p]/i,T] xeA/i*nSp^/2(o) 

Parabolically rescaling so that T = and pj = 1 for each j G N, we have a sequence = (Af/)tg[_i o]j 
each a MCF{N, T), for which 

sup sup a;^+i p^j"^ (21) 

*e[r-p2,r] xeMinBpiy) 
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for all T e [-1,0], y E Bi{0) and p E [0,1], but that 



sup sup \Aj^,p {x)\'^ ^ CO. 

te[T-i/4,T]^gM,^ni3i/2(o) 



Since 

_,2 „„„ _2 „„„ „„„ I , 



7^ := sup cr^ sup sup [Aj^^j (a:;)|^ 



(Te[o,i] te[-(i-(T)2,o] a;eMjJnBi_<,(0) 



> sup sup |A.,j(a;)l^ 



te[-i/4.o] MinBi/2{0) 



lim 7^ = oo. 



By the hypothesis of the smoothness of the up to and including t — 0, however, we see that 7j < oo for 
each given j E N. 

For each given j e N we can now find (Tj E (0, 1], Tj E [—(1 — Cj)^, 0], and yj E -Bi-o-j (0) such that 



We deduce that 



so that 



and thus 



as 



cr| sup sup I^Mif:r)l^ ^ 47? 

l-{i-a,/2r,0]M^^nB—JW) 



sup sup \Aj,,,(J'' ^ 4|A^,, ( 

-(l-a,/2)2,0]M,^nBi_ /2(0) 



[r,-<T2/4.r,]M,^ni3„^/2fc) 



Ba.MVj) X [r, - aj/4,T,] C Si-,^./2(0) x [-(1 - a,/2)^0]. 
Now let Aj = \A\,j {yj)\^^ and define (Ai^) — {M^)^^^_^-2^2^^q^ to be the parabolic rescaling of the flow 
(^t )t6[T,-£7|/4,r,] by a factor of Aj around (yj,T,). 

Then, for each j E N, (M|) is a MCF{N,T) satisfying 

OEM^, I^Af^(o)l = l (22) 

and 

sup sup < 4. (23) 

s6[-A7V|/4,0] j;eminB^-i^ (0) 

Since AJ^(t| 7^ 00 we deduce that 

sup sup I Aj^~jj (a;) I ^ ^4 

se[-_R2,o] 2,gA/ins„(o) 

for each R > and sufficiently large j depending on R. Parabolically rescaling inequality (j2ip around {yj, Tj) 
by a factor of Xj , we get 

sup sup |AjX„+i| < pj"^ 

for each j € N and p E (0, 1]. 

For fixed i? > 0, we set p = RXj. As Aj — > as j — 00, we see that p < 1 for sufficiently large j and thus 

sup sup \Xn+l\ ^Rj^^ (24) 

for such j. 



NEUMANN FREE BOUNDARY SINGULARITIES 



13 



The curvature estimates in ([2^ and imply, by the Arzela-AscoH Theorem, that we may take a smooth 
hmit of AP to find a MCF{N,T), (M^)^^o satisfying 

OeM^, 1^^^(0)1 = 1, (25) 

and |^m;(j/)P ^ 4 for all s ^ and y e M'^. However, by we also have |a;„+i| — for all x € 
and s < 0. Thus Af^ = R" for each s ^ and hence \Am'{0)\ = 0. This contradiction to ^ proves the 
result. □ 

Corollary 5.11. — Let M. = iMt)t£io,T) be a MCF{N,T) satisfying the area continuity and unit density 
hypothesis and let 

xo £ OMt n Rii n ^. 
Then there exists a radius po > and a constant, ci, such that 

sup sup |AA/^(a;)p ^ cipo ^. 

te(T-pl,T) x<EMtnBpg{xo) 

Proof. Without loss of generality, we may assume that xq = and that TxqMt = K". Let < ei < 
(1/16) min{£o, 1/2}, where is as in Lemma [5. 101 

Then, as xq € SMt n Rn O by Lemma [5751 and Proposition 15.91 there is an e > such that if 



/ xl+^dJif-^ < ep"+i (26) 

I "'MtnBp(O) 

for all p € (0, 2pe] for some < 2^^ < min{K„, T^/^}, 



sup 

te{T-p^,T) JMtnBp(o) 



2 A 2 ^OP^ 

sup sup x^j^i < Aeip < — — 



for aU ?/ e n -8^/3(0), r e [T - p^/4, T] and p e (0, p^]. 

We deduce from Lemma 15.51 that there is indeed a. p^ > such that (05)) holds. It follows, for each 
5 e (0,pe/8), that (Aff )jg[7-_52_p2/ig 7-_52] is a MCF{N,T) smooth up to and including T — 6'^, which 
satisfies 

sup sup x'^^^ < Eqp^ 



for each y G MrD Bp{0), r e [T - p^,T] and p G (0, pe/4]. 
For each S g {0,p^/8), we infer from Lemma [5.101 that 

sup sup |ylAft(a;)P ^ 16cop7^ 

tG[T-52-p2/64,T-A-2] j;eA/tnBp^/8(0) 

and thus that 

sup sup \AMt{x)\'^ < 16cop7^. 

Setting Po = Pe/8 and ci = co/4 completes the proof. □ 

6. Local and global regularity 

With the local curvature bounds and the Arzela-Ascoli Theorem, we prove the regularity results, by 
showing that in small neighbourhoods of points in OMt H Ru n we may take a limit of Mt that is 
sufhciently smooth and, in particular, rectifiable. We deduce, with the use of Theorein l4.41 that OMt has no 
measure in a small neighbourhood of almost all points. Using standard covering arguments, the main 
Theorem then follows. 

Definition 6.1. — Recall that is the inner unit normal field ofYi with respect to G. We define to he 
the set of X £ dMt such that vy, is the inner unit normal of dMt with respect to Mt and P^ := dMt ~ P^ . 
We now define 

Mf := Mt n G = {Mt n G) - P^^ M^ := WTncF = {Mt n G^) - Pt^, 
P^ := {x e R"+i : ~>T x}, and Pf {x G R"+i : Pf -^t x}. 
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Remark 6.2. — We note that if X is a MCF{N, 5), then we have Mt = Aff , and hence dMt = and 
= for all t e [0, T). We also note that dMt = n for all t e [0, T) always holds. 

Theorem 6.3. — Let M = (A/t)tg[o.T) be a MCF{N,T) satisfying the area continuity and unit density 
hypothesis and xq G OMt H i?// n Then there exists a p^g > such that 

Jf'\Bp^^{xo)ndMT)^0. 

Proof. By Corollary 15.111 there exist co , po > such that 



r2 



sup sup \AmAx)\^^^- (27) 

*e[T-Po:T)2;e-Bpo(2;o) ^0 



We now consider n Bpg/2{xo). By the curvature bounds, p7|) . we may, by considering local graph 
representations and using a diagonal argument to approach E, use the Arzela-Ascoli Theorem to conclude 
that 

Bp„/2ixo) n A/f ^ Mo C Ppo/2(a;o) H G, 
an immersed, n-dimensional C^-manifold satisfying 

\AMoix)\^ ^ cIpo^, Bp^ /2ixo) n C Mo, and 

(J^E, i^Ma)(a:) = for all x e H Ppo/2(xo). (28) 
(As Afo is 'only' an immersed manifold, (z^s, i>Mo)ix) = is meant in the sense that there is a subset A/q C Mo 
for which {v^, VMj^){x) = 0.) Since Afo C Mt, it follows from the area continuity and unit density hypothesis 
that A/q is a countably n-rectifiable set with locally finite j3^"-measure. 

We now consider x G Pj? n Ppo/2(a;o) and deduce from that if T^Mq exists, then (T^Mo, = 

and thus 

Mx)(^T,Mo. (29) 
Define B^ := B -i(x — rh's(x)) C int(G^) and select tp G C%(B^_i —x) with w ^ and 09 = 1 on P^_, , —x. 

By (uni) 

/ ipdJf" > 0. 
However, since B^ — x C int{G'^) ~ x and A/o C G 

Lpd-ye'"- = for all A > 0. 

It follows that PrAfo does not exist. 

We now deduce from Theorem 14.41 that Jf"{P^ H i?po/2(a;o)) ~ 0. An analogous argument shows that 
Jf"{P^ n Ppo/2(a;o)) = and therefore, since OMt = Py U P^, that 

Jf^'idMrDBp^ixo)) = 

with pi = /5o/2. □ 

Remark 6.4. — (1) Examples can easily be constructed to show that, at least in the case of flows with 
traversable support surface, Afo may indeed be 'only' immersed instead of embedded. That is, there 
exist points a; G S such that 

dM^ ^ dMt X, and dMt -^t x. 

(2) We may certainly also use the Arzela-Ascoli Theorem to take a limit surface of Mt D Bp^/2{xQ), as 
t — >■ T, as a whole. However, we would then need to exclude the possibility that there exist any 
points X G Py? n P^, as in this case T^Mq may, in fact, exist. Considering A/j? and M^ separately 
avoids the potentially troublesome argumentation to handle this case directly. 

(3) That Mo is countably n-rectifiable can also be shown without reference to the area continuity and 
unit density hypothesis using the C'^-properties of the surface. It was, however, as the area continuity 
and unit density hypothesis is also used elsewhere in the proof, convenient to use the hypothesis. 



NEUMANN FREE BOUNDARY SINGULARITIES 



15 



(4) We could also, on a smaller ball, using the inner differentiability result of Stahl, show that the 
convergence is smooth to a smoothly immersed surface. The higher derivatives are, however, not 
necessary here. 

As the measure of dMr has now been shown to be zero in a small ball around almost all points, we can 
now prove our main theorem, the global regularity result, Theorem 13.61 through covering arguments. Before 
presenting the proof, we restate the theorem for convenience. 

Theorem 13.61 — Let M — {Mt)tei be either 
(i) a MCF{N,S) satisfying the boundary approaches boundary assumption, or 
(it) aMCF{N,T), 

that satisfies the area continuity and unit density hypothesis, then 

Jf^^idMr) = and Jf^'isingrM) = 0. (30) 

Proof. By Lemma [4.11 it suffices to show that J^^^dMr) = 0, and thus, by Corollary 14.21 to show that 
^"(^Mt) = whenever is a MCF{N,T). We therefore assume that M is a. MCF{N,T). 
By Lemma 14.61 and Theorems 14.41 and 14.81 

^^""(1) := {x e OMt -.xf^Rn or a; ^ ^}) = 0. (31) 

Let R > 0, be any open covering of D, and U :— U{V : V ^ . We consider 

£/{'^,R) := (OMt ^ L/)nSfl(0), 

a compact set. By Theorem l6.3l for any x ^ £/ {'^ , R) there exists a. > such that J^"{dMTr\Bp_^ (x)) = 0. 
As £/ (fi/ , i?) is compact, we can cover (f^ , i?) by finitely many such balls Bp^ (x) to deduce that 

jr"(aMTni/(^,i?)) 0. 

Letting R^oo and defining j2/(^) U{£/('^, i?) : i? > 0} it follows that jr"(9MT n s^(fi/)) = 0. 
Now let e, 5 > 0. As J^^{D) = we can find an open 5-covering, :— {Bi}^-^^, of D satisfying 

oo 

b:=Y,^n2-"d{B,)" <e 

i=l 

(where here w„ is the Lebesgue measure of the unit n-ball). Define Ug.e U{U : U G '%,e}. As ^^"'{dMT D 
(Us^e)) = we may similarly find an open ^-covering of OMt n £/ (Ug.e), A := {Ui}^i with 

oc 

a :=^cj„2~"d(t/,)" <£• 

i=l 

Thus .y/f/'idMr) < 6 + a < 2e. Letting (5, e ^ we deduce 

□ 

7. The ^0 case 

In this final section we consider the necessity of the assumption that > 0. We have mentioned that 
examples exist showing that ([5|) does not hold in general without a similar assumption to H-^ > 0. We 
now go further, and show that within the set of Neumann free boundary support surfaces not satisfying 
-ffs > 0, S^, the set of surfaces for which ([S|) does not hold in general is dense in S^. This shows that 
> is an appropriate condition to place on the fiows. Of course, by taking minute copies of the already 
existing examples and gluing them onto a given support surface, again allows for cases where ([IJ will fail 
while staying near the original support surface with respect to the HausdorfF metric. We therefore consider 
metrics ensuring that the support surfaces have greater similarity of structure in order to be considered close. 
That is, density is taken with respect to a metric based on the norms of the homeomorphisms between the 
support surfaces defined below. 
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Definition 7.1. — Let S denote the set of all Neumann free boundary support surfaces in M"+^. For 
T, Cz S, let ■jV{Y?j denote the set of all mean curvature flows with Neumann free boundary conditions on the 
solid support surface S, Ai '.= iMt)te[Q.T); for which 

Jl^'^isingTMnT.) > 0. 

Define 

^ := 5 - {S e 5 : H^ix) > for all x e E} and 

Let $ denote the set of C^-diffeomorphisms 

{4,: B : A,B d R"+i}. 

Whenever 0i,02 G •I' satisfy (f)i : A Bi for some diffeomorphic manifolds, _Bi,i?2 C R""*"^, diffeomorphic 
to some A C R"+"'^, define 

Ui-Mk-= sup||D«</.i(x)-I?"02(2;)|| 
fork G N and where \\-\\ denotes the appropriate usual Euclidean distance. We define, otherwise, \ \4>i—(f>2\\k = 

CO. 

Additionally, we define 

1101 - <t>2\\s ■■= 1101 - 02||l + sup \H^^(A){(t)i{x)) - ff0,(^)((/>2(a;))|- 

Finally, for E e 5 and sets Ei, Y12 £ S diffeomorphic to E, define 

d$,s(Si,E2) :=inf{||0i -02II5 : 0* e $,0, : E ^ E„ i G {1, 2}}. 
//El or E2 is not diffeomorphic to E, we define c?$.5](Ei, E2) = 00. 

Remark 7.2. — (1) We note that (i$,s(-,-) is a metric satisfying d^.s ^ dj^, where dj^ denotes the 
Hausdorff distance. allows us to consider support surfaces that are close to a given support surface 
in a more natural sense than Hausdorff distance, with which more drastic changes to the geometry of the 
surface would be allowed. That is, with these metrics, gluing an extremely small but highly curved piece 
of surface to an otherwise nearly flat surface is still considered a large variation. In particular, gluing 
minute copies of the counterexample in [7] onto a given support surface will not, in general, result in a 
nearby surface. 

(2) is bounded from above by the norms for diffeomorphisms for fc ^ 2. This fact helps us obtain 
estimates for the distances between two support surfaces below. 

(3) In the case that there is an Af C E C R"+^ with Ai and A2 diffeomorphic to Af, we also write 

^$,2(^1,^2) := inf{| 101 -02115 :,0» G $,0,: : M ^ A„i C {1,2}}. 

(4) The inclusion of the mean curvature in the norm is important, as it is sets whose definition is based on 
the curvature of the elements that is being observed. Without this element it would also be true that 
.5^0 is dense in S. 

For notational convenience in our theorem, we make the following nomenclaturial definition. 

Definition 7.3. — Let X be an affine plane in R", / : X — > be a function, and {x,y) denote x + y for 
X a X and y G X^. We write gf to denote the graph function of f . That is, for x X 

gf{x) 

Theorem 7.4. — For any e > and any E G -y , there exists a Eq G S^o such that 

d$,s(S,Eo) < e. 

Proof. Let E satisfy the rolling ball condition for balls of radius i?o > for which -ffs(i) ^ for some 
S G E. By otherwise replacing E with a very small variation (<< £ with respect to d^^s:) near x, by the 
same method as that described below, we may assume that Hy:{x) < for some a; G E near x. Moreover, 
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by otherwise rotating and translating E, we can assume a: = and Tx'E = M". Furthermore, on some small 
open balljSpo (0) C C/ C M", po << -Ro, we can write 

E = gVs and = gi>B, 

where := Bh{0 - (/ie„+i)), h := {n\H^{0)\)-^ , and ip^,'ipB : M" ^ M are C^-functions. We see that 
V-sW = Vb(0), i^^s(O) = Di^BiO), and 

i?s((gV's)(0)) = i/s(0) = i/so (0) = i/B|((5^B)(0)). 

As E is a locally compact C^-surface satisfying a rolling ball condition, it follows that for some small 
P2 < Pi < Po, there is an g C^{Bp^{0),R) such that 

Ub on S«(0) 

\Ve on i?^,(0)^i?;\(0) 

and 
Set 

El (E - gi/'s|s„,(o)) U577|s,„(o)• 
By the rolling ball condition on E and the fact that po << Rq, we can also choose the t] above in such a 
way that Ei is a smooth hypersurface satisfying the rolling ball condition for balls of radius < i?i ^ Rq. 
It follows that El € ,5^ and by selecting ^i to be the identity transformation and 4i2{x) :~ ?7(7rRii(x)) in 
Definition 17.11 it can be calculated that 

d4,,s(E,Ei) < ||(/)i~(/)2||5 (33) 

Furthermore, 5?7|sp2(o) C Ei is a rotationally symmetric, smooth hypersurface with constant mean cur- 
vature. 
Take now 

P3 << min{/92, h, Ri} 

and consider ^/^jj : R — > R defined by 

on [—p3,p3], a piece of circle of identical radius, h, to B^{0). 

Let Bi :— 5VbI[-p3,p3]j ■— "^sll— 1)V3)j ^'i • G(l,2) — > 0(1,2) be a rotation taking M to T^i^i^^.-^Bi 
satisfying (0i(e„+i), e„+i) ^ 0, and let « p^. For 5 > 0, define 

and 

yK^) := (<52-(z + (5)2)l/^ze M,0]. 

For 6 < Sq and ai < (5 define 

gi :=0i(2/l([O,<5]))+a;i, 
^2 :=02(y|(M,O])) + X2, 
Q?^ :=0i(j/]([ai,5]))+a:i, and 
:=02(2/|(h<5,-ai]))+X2. 
(5i and Q2 are smooth hypersurfaces in satisfying 

C {(a;,y) G : |x| ^ ^2,2/ ^ i^hi^)} 

QiCl'Si — Xi, and 
(i/Q,(a;j),zysi(a;»)) = ie{l,2}, 
where vq. is the unit normal for Qi satisfying {vQ^,en+i) > 0. 

Furthermore, we can choose 01,02, and S with ai < S < Sq, 02 < ai, and smooth functions, 4>It4>2 € 
C3(R,R), so that 

QT = 50l([-P3,a2 - P3]),<32' = .902([P3 - 02, Ps]), 
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(i^Q.(ff'/>»((-l)V3)),e„+i) < (j^s(gV's((-l)V3)),e„+i), 

('^E(#B((-l)V3)),e„+l) < (i^EV'B((-l)''(P3 -a2)),e„+i), 

(/),((-l)V3) < i^hi-Ps) +So = i^siPs) + So, and 
0,((-1)Xp3 - "2)) = V^1j((-1)XP3 - 02)) < + <5o 

for all X e (a2 - pa, P3 - 02)- 

By construction, we also have Hq.{x) = —S^^ < for all x £ Qi, i G {1,2}. We can now take a 
V'i^ : R ^ K, Vm e C^{{-P3,P3)), such that 

'?7((x,0,...,0))+5o X e (-3p3/4, 3p3/4) 

'/>2(a;) X e (p3 - 02,^3) (34) 

^(f>i{x) X e (-P3,a2 - /03) 

and such that i'^V'l/ < 0. Let Af,} Qi U (52 U ^Vm and define V'm : R" ^ K by 

V-SCx) :=^l^(|x|). 

Define further 

Afo {(x„,a;) G R"+i : (|x„|,a;) G A/i}, 
a C'^-hypersurface in R" . By the construction we see that 

dMo = AfoHEi, 

(i/7\/o(x), j^Si (a;)) = X G 9Afo, 

(S7"p3/8(0)) n Afo = 5V']^,(S7"p3/8(0)), 

and HMaix) < for all x G Afo. Thus Afo is a rotationally symmetric initial surface to mean curvature flow 
with Neumann free boundary conditions on the Neumann free boundary support surface Ei with negative 
mean curvature. 
We calculate that 

rf*,sfe'(i33"p3/4(0)) n Afo,5r/|sj^^^^jo)) < IIV'S " vWcHB^^^^^m) = -^o- (35) 

By psp . and using the additional fact that (z^Mq (a;), e„+i) > Cj\/„ > for all x G Afo H we can 

find a To > such that there is a solution to mean curvature flow with Neumann free boundary conditions 
M := (Aft)fg[o.To] with Tq < T (where T is the first singular time), for which 
(i) HmAx) < for aU xeMt,te [0,T], 

(/)(x, t) {y G Aft : ttk" (y) = x}, and 

(iii) M-,t)~r^\\c^B';^,^m < 26. 

Write f {(x„,x) G R"+^ : |x„| G B^^^^{0),r]{x„) < x < (j}{xn,T)}. By (u) and the fact that (Aft) is a 
mean curvature fiow supported on Si, we deduce that 

U Aftnf = 0. 

te[o,To] 

By (iii) we may now take a ipr G C''^(^p3/2(0)) defined by 

^.(x) = |^(^'^°) ^^^-/^^°) (36) 
\ry(x) a:Gf?;3/,(0)^f?3"^^/3(0) 



(ii) There is a function (f> : B" , (0) x [0,T] ^ R G such that 



such that 



W^T - v\\cHB^,^^,m ^ CiSo,So/p3) < e/2 (37) 



for sufficiently small Sq. Take now 



Eo := (El ~ ot|b^"^^^(o)) U#t|b;3/,(o)- 



NEUMANN FREE BOUNDARY SINGULARITIES 



19 



We deduce, from ^ and that 

(i$,s(So,S) ^ d$,s(So,Si) + (i$,s(Si,i;) 

^ \\(t>T - v\\cHB^^^.^io)) +d*^s(Si,i;) < e. 

By (i), and since dA4 n {ri{B''^^^^{0)) U / = 0, (A^)te[o,To) is also a solution to mean curvature flow with 
Neumann free boundary conditions supported on Sq. Using Eg as the support surface, we relabel the flow 
Aio- In Mq, Mtq n Eq 7^ dMTf,, and therefore, Tq is the first singular time for this flow. As 

we deduce that 

jr"(szn5ToXo) ^ ^^"(i?;'3/2(0)) > 
and thus that Sq € .^o- D 

References 

[1] K. Brakke, The Motion of a Surface by its Mean Curvature, Princeton Univ. Press, 1978. 

[2] J. A. Buckland, Mean curvature flow with free boundary on smooth hypersurfaces, J. Reine Angew. Math. 586 (2005), 
71-90. 

[3] K. Ecker, Regularity Theory for Mean Curvature Flow, Birkhauser, 2004. 

[4] H. Federer, Geomteric Measure Theory, Springer- Verlag, Berlin-Heidelberg-New York, 1969. 

[5] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd ed.. Springer- Verlag, 1998. 
[6] G. Huisken, Asymptotic Behaviour for Singularities of the Mean Curvature Flow, J. DifT. Geom. 31 (1990), 285-299. 
[7] A. N. Koeller, Regularity of mean curvature flows with Neumann free boundary conditions, to appear in Calc. Var. Partial 
Differential Equations. 

[8] L. Simon, Lectures on Geometric Measure Theory, Proceedings of the centre for Mathematical Analysis, vol. 3, ANU, 
Canberra, 1983. 

[9] A. Stahl, Regularity Estimates for Solutions to the Mean Curvature Flow with a Neumann Free Boundary Condition, 
Calc. Var. Partial Differential Equations 4 (1996), no. 4, 385-407. 

[10] , Convergence of Solutions to the Mean Curvature Flow with a Neumann Boundary Condition, Calc. Var. Partial 

Differential Equations 4 (1996), no. 5, 421-441. 

[11| A. Stone, Singular and Boundary Behaviour in the Mean Curvature Flow of Hypersurfaces, PhD Thesis, Stanford Univer- 
sity, 1994. 

E-mail address: akoelleraeverest.mathematik.uni-tuebingen.de 



Mathematisches Institut der Universitat Tubingen, Auf der Morgenstelle 10, 72076 Tubingen, Germany, 



